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Abstract

We consider the construction of SU (2).®SU (2)g®SU (4) partial unification models
as an example of phenomenologically acceptable unification models in the absence of
supersymmetry in non-commutative geometry. We exploit the Chamseddine, Felder
and Frohlich generalization of the Connes and Lott model building prescription. By
introducing a bi-module structure and appropriate permutation symmetries we construct
a model with triplet Higgs fields in the SU(2) sectors and spontaneous breaking of
SU (4).

Key words: non-commutative geometry, bi-module
1991 MSC: 81T13, 81R40
PACS: 02.40.4+m, 12.10.-¢g

1. Introduction

As with other extensions of space-time, non-commutative geometry provides
a framework in which scalar Higgs fields may be introduced on the same level
as gauge fields. In higher dimensional models, Higgs fields result from gauge
fields which originally carried space indices corresponding to the, now com-
pactified, additional dimensions. While this procedure has an aesthetic appeal,
phenomenological problems arise from the existence of a single order parame-
ter associated with the compactification scale, usually taken at the Planck scale
[1]. Non-commutative geometry provides an alternative framework in which
differing scales may exist.

These geometrical considerations emerge from applications of gauge theory
beyond Riemannian spaces. The notion of a manifold is generalized to be the
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product of a continuous manifold by a discrete set of points. Gauge fields
now arise from appropriately chosen fibre bundles along the continuous di-
rections, while Higgs scalars result from gauging the discrete directions. Since
spinor fields are the fundamental fields in non-commutative gauge theory, the
fermionic action can be introduced in a simple way. Consequently, realistic
phenomenological models can be considered within this model building pre-
scription and indeed the standard model has been made the subject of this
approach [2].

If these notions are to be applied to GUT models then the original model
building prescription of Connes and Lott must be reformulated [2-4]. This
allows for gauge theories which are not constrained to be product symmetries.
The reformulation, introduced by Chamseddine, Felder and Frohlich [5],
consists of embedding the symmetry breaking in the Dirac operator such that
gauge invariance is not broken. This simplifies and generalizes model building
and allows for the introduction of permutation symmetries between copies of
space-time, yielding Higgs representations necessary for symmetry breaking at
appropriate scales.

The SU(5) GUT mode! constructed by this approach did not provide any
additional suppression on the rate of proton decay and therefore is ruled out
experimentally. Appeals to space-time supersymmetry in non-commutative
geometry have vyet to be formally developed and do not appear to have an
obvious answer. For this reason other avenues must be explored in order to
yield acceptable models. Such examples are provided by GUT models with
extended symmetry breaking schemes, such as SO(10). As well as suppression
of the proton decay rate, such quark-lepton unified models allow for the con-
sistent inclusion of a right handed neutrino and the freedom to incorporate
other phenomenological features, such as a reasonable value for sin’@y [6].
Originally it was speculated that the Higgs fields required to implement such
a scheme within non-commutative geometry could not be easily constructed
within the model building prescription and would need to be added as an ex-
ternal field, not associated to any vector [5]. Recently, however, Chamseddine
and Frohlich succeeded in constructing a consistent SO(10) model [7]. This
represents an important step in the development of a deeper understanding
behind the possible origin of mass scales in such extended models by general-
izing the permutation symmetry between space-times to include conjugation
symmetries as well as direct identifications. In order to realize an acceptable
model, however, it was necessary to introduce additional singlet spinors so that
Higgs fields transforming as 16’s could be included, yielding Cabibbo angle
mixing among down quarks.

While the SO(10) breaking scheme is not unique, the spontaneous breaking
pattern realizing the Pati-Salam partial unification SU (2),SU(2)g2SU (4)
has an appealing symmetry in which the phenomenological featues are most
transparent [8]. Importantly, this is also the minimal symmetry group incor-
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porating both quark-lepton unification and the quantization of electric charge.
The electroweak sector of such left-right symmetric theories has already been
investigated by Chamseddine et al. yielding spontaneous symmetry breaking
of SU(2)x by triplets [5]. Other approaches to non-commutative geometry,
originally considered by Coquereaux et al. [9], Dubois-Violette et al. [10]
and Balakrishna et al. [11], have also been generalized to yield a left-right
symmetric weak interaction model, this time with doublet Higgs fields [12]. It
was found that this made maximal use of the gauge connection in the discrete
directions. While these alternative model building prescriptions will not be
pursued here, they help to demonstrate a natural identification of left-right
symmetric models with non-commutative geometry.

In this paper we wish to extend this investigation of left-right symmetric
models to the Pati~Salam unification symmetry. Exploiting the model building
approach of Chamseddine et al. [5] we will first consider a minimal model
and then explicitly construct a model with triplet Higgs in the SU (2) sectors
and spontaneous breaking of SU (4). To realize such a scheme we will include
a bi-module structure similar to that for the addition of SU (3) colour to the
standard model [2]. However, unlike in the SU(3) case, we do not wish the
symmetry breaking matrices in these directions to be identically zero, thus
introducing a non-trivial extension. We find that a very natural model emerges
without the need to introduce singlet spinors or an additional set of conjugate
fermions to produce coupling to conjugate bi-doublet Higgs.

2. The model building prescription

We wish to give an overview of the model building prescription outlined by
Chamseddine et al. [5]. The geometrical setting is that of Connes [4], with the
reformulation that the choice of gauge structure is defined directly within the
Dirac operator. This is in contrast to the original prescription of Connes and
Lott [2] where the gauge structure results from the choice of vector bundle
£, defined as a finite projective right module over the algebra A defining the
non-commutative space. It follows that the natural choice of vector bundle
must now be £ = A i.e. the orthogonal projection is trivial. With this choice
the connection and curvature have the simplest form.

The notion of geodesic distance is incorporated in the concept of a K-
cycle. A K-cycle over the involutive algebra A is a x-action of .4 by bounded
operators on a Hilbert space H and a possibly unbounded, self-adjoint operator
D, denoted Dirac operator, such that [D, f] is a bounded operator for all
f € Aand (1 + D?)~! is compact. As we will be interested in four point
spaces we will cast definitions about this choice although they are easily
extended to any number of points. Let X be a compact Riemannian spin
manifold, A4; the algebra of functions on X and (H;,D;) the Dirac K-cycle
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with H; = L*(X,/gd%x) on A,. Denote by ys the fifth anticommuting
Dirac gamma matrix, the chirality operator, given by ys = 7727374 in four
dimensional Euclidean space, defining a Z, grading on H,. Let A, be given by
Ay = M (CYo M,(C)® M, (C)® M, (C), where M, (C) is the set of all n x n
matrices, with the K-cycle (H;, D;) and Hy = H,®H,®H,®H, corresponding
to the Hilbert spaces C*, C?, C? and C" respectively. The product geometry is
then given by

A=A ® A , (1)
with the Dirac operator correspondingly written as
D=D1®1®1+Y5®D2, (2)

D5 being comprised of tensor products acting on the four point Hilbert space
‘H,. The decomposition of H, diagonalizes the action of [/ € A

[ — diag(f1, f2, /3, f4) -

The operator D is then

felel Vs@Mp;®Kpy ys@MpjzeKi;z ps 9 Miy® Ky,
75 ® My © Ky delel Ps @ Maz @ Kyz 75 ® Moy @ Koy
Vs ® M3 ® K31 75 ®@ M3 ® Ky §olel Vs ® M3g @ K3y
Vs @My @ Ksy 75O Mp @ Kgy 75 © Mz @ Ky Jolel
(3)

where M,,,, m # n, is an m x n complex matrix such that M}, = My, and
each K,,, 1s a 3 x 3 family mixing matrix. The M,,, correspond to the tree
level vacuum expectation values of Higgs fields, the chosen form of which
determines the symmetry breaking pattern.

The space of forms Q* (A) = &3 ;2" (A) is generated by elements ay da; - - -
da, € Q¥(A) such that ag, a;,... € A. With £ = A a connection is given by
the element

p = Zaidbi eQl(A) , (4)

with the curvature specified by
O =dp + p*e Q*(A) 5)

where d1 = 0 and the p? term does not vanish. An involutive representation
of 2*(A) by bounded operators on H, with algebra B(H), is defined by the
map 7 : 2*(A) — B(H) given by

nlapda, --- dan) = ag|D,a,1[D,a;]--- [D,aa] . (6)
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Consequently

a(p) =Y a'[D,b'] . (7)

Evaluating (7) yields the result

Ay 750120K12 15®01380K 13 P50014® Kyg
2(p) = 75 ® 921 ® Ky Az Vs @ P3O Kpz Vs @ 24 @ Koy
Y5 ® @31 ® K31 V5 @ 32 ® K3 A3 75 ® 034 ® K3q
75041 @Ky V5@ @ Kay 75 ® 43 @ Kz Ay
(8)
the A’s and ¢’s are determined in terms of the a’s and &’s by
;
bmn = > by (Mynnby, — bly Mynn) (9)
i

satisfying A4}, = A, and ¢}, = éum. The two form dp = >, da' db' with
image under 7 given by n(dp) = ¥_;[D,a’][D, b’] can be similarly evaluated.

Unitary gauge transformations by g € U(A) = {g € A: gfg = 1} can be
defined in terms of transformations on the @’ and 4’ such that

ai _)gai = gai ,
b — &b =bigh . (10)
This definition implies the constraint

Saibi =1, (11)

which can be imposed without loss of generality. It is straightforward to
compute the action of gauge transformations on 7 (p) which in component
form can be written as

$Apm = gmAmngn + gm¢grt, s
g(¢mn + an) = &m (¢mn + an)g; . (12)

Thus the A4,, are the gauge fields while ¢, + My, are scalar fields transforming
covariantly. The ¢,,, represent fluctuations around the vacuum state so that
we are in fact working in the spontaneously broken phase for which the Higgs
potential will be minimized when ¢,,, = 0.

A crucial aspect which must be considered is that the representation 7 is
ambiguous, with the correct space of forms actually given by £2*(A4)/Kern +
dKerr [3]. Working on 2*(A) will result in the appearance of auxiliary fields
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into which the scalar Higgs potential could be absorbed, removing the Higgs
mechanism from the model. The potential is saved from disappearing, however,
by including the 3 x 3 family mixing matrices K,,,. Nevertheless, in calculating
the potential it is necessary to determine which of the auxiliary fields are truly
independent. If all the auxiliary fields are independent the Higgs potential will
disappear regardless. This places severe constraints on model building and the
choice of vacuum expectation values for which the independence or otherwise
of the auxiliary fields will depend.

Since the fermionic fields are the fundamental fields, the spinor action can
be expressed simply as

Iy =¥, (D +n(p))¥) . (13)

To determine the Yang-Mills action the notion of Dixmier trace must be
considered. The action is given by the positive definite expression

I =1/8Tr, (OD|™%) , (14)

where the Dixmier trace is defined by

. 1 &
Trw (| T) =hmwlogN§i:;¢i(T) (15)

for a compact operator 7 and eigenvalues u; of |T|. For the Dirac operator
the action can be equivalently expressed as

I= %/d“x Tr(tr(n2(0))) , (16)

where tr is over the Clifford algebra and Tr is over the matrix structure.
Finally, the action is analytically continued to Minkowski space.

3. A minimal model

By minimal, we are making reference to a model for which the simplest
Higgs sector can be constructed to implement the required symmetry breaking
scheme. This is in analogy to the minimal O(10) model of Witten [13]. We
will consider a Riemannian spin manifold extended by four points with the
algebra given by

Ay = My (C) & My (C) @ My(C) & M(C) (17)
together with the permutation symmetry

aé:ag, bé:bé.



B.E. Hanlon, G.C. Joshi /Journal of Geometry and Physics 14 (1994) 285-304 291

In this way the second and third copies are identified and we have Higgs
fields transforming in a self adjoint rather than a product representation in
this region. With this choice the vector potential n(p) becomes

AL XL XL ¢

{ A Y 1
2(p) = X? 4 X?
Xr & As xp

¢t xr xr Ar

(18)

where the gauge fields 4 = y# A, are self adjoint n x n gauge vectors, 2" is a self
adjoint 4 x 4 scalar field (i.e. 253 = 23y = 2;'2), xr and x g are 2 x 4 complex
scalar fields and ¢ is a bidoublet scalar field. A7, Ag and A4 are U(2);, U(2)r
and U(4) gauge fields respectively.

Note that the Pati-Salam partial unification has no U (1) symmetries. Thus
in the reduction from U(2), 9 U2)g@ U(4) to SU(2), @ SU(2)r @ SU(4)
we do not need to relate or introduce U (1) factors. To induce the reduction
we impose the constraint

Tr(AL + Ar) = 2Tr(44) =0, (19)

reducing U(2) @ U(2)g to SU(2), ® SU(2)g and U(4) to SU(4). It is
important to stress that these permutation symmetries and trace conditions are
constraints introduced by hand in order to yield phenomenologically credible
results. 2 will now introduce spontaneous breaking of SU(4) to SU(3) ®
U(1)p-r, xLr allows for asymmetric breaking of SU(2). r by appropriate
choices of vacuum expectation values while ¢ is responsible for symmetry
breaking at the electroweak scale.

Introducing the fermionic sector now poses a dilemma. The multiplet struc-
ture for one family is

Ur Up Ug U] = Ve

YLR = dr db dg d] — e (20)

L,R

where lepton number is identified as the fourth colour. The representation
structure with respect to SUQ2)r @ SU2Q)r @ SU4) is yr = (2,1,4) and
wr = (1,2,4). Clearly, there are no gauge invariant couplings of these fields
with the Higgs scalars y; and yz. Coupling of fermions to the bidoublet field
¢ is responsible for the generation of the usual quark and lepton masses but
the generation of a heavy right handed neutrino depends on an extended
interaction sector. This neutrino can get such a mass only through mixing with
exotic fermions [14]. This is difficult to implement in this scheme beyond
the inclusion of fermionic singlets. Note also that we cannot appeal to higher
order effects as we are dealing with classical geometries. A viable model without
exotics must, therefore, induce the required breaking and mass generation at
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tree level from Higgs scalars corresponding to the standard fermions only. That
is we require a non-minimal model.

It is worthwhile pointing out that with no identification between the SU(2)
and SU(4) sectors that fermions corresponding to these different copies of
space-time will not, in fact, have the required representation structure. That
is, we would have fermions transforming in the fundamental representation 2
of SU(2) which are singlets under SU (4) and independent fermions in the 4
of SU(4) which are SU(2) singlets, rather than with the multiplet structure
(20). While it may be possible to write down an appropriate spinor ¥ to
implement the required representations the necessary identifications would
have to be imposed in an ad-hoc way, external to the model building program.
This problem of identification is related to the indifference of the SU(4)
fermion representations on their chirality.

4. A non-minimal model

An examination of the vector potential (18) demonstrates that it is not
possible to have Higgs scalars transforming as a product representation with
one component the adjoint of a chosen symmetry. This is a limitation imposed
by the matrix structure. Clearly, an extension is necessary if such Higgs scalars
are to exist. We will again consider a Riemannian spin manifold extended by
four points, this time with the algebra

Ay = My (C)d My (C) e M (C) @ M(C) . (21)

The U(4) sector is now introduced to the four point space by adding the
auxiliary algebra B,, with right action on X, given by

By = May(C) & My (C) & My(C) & My(C) . (22)

We make the same natural choice of vector bundle F = B, where B = A, ® Bs.
The physical Hilbert space can now be written as

P=ERH®F , (23)

that is we have introduced a bi-module. Writing H3' and H5 for the Hilbert
spaces corresponding to the algebras .4, and B, respectively, H can be sugges-
tively written as

H=HeoL*(S)oHS . (24)

We will consider this as defining U (2) ® U (4) gauge structure on each of the
four copies of space-time as there is no reason, a priori, to assume that a
single gauge symmetry only can be associated with each copy.
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Corresponding to this extension we write down the generalized connection
one-form

p=>ddbel+10) AdB . (25)

Note that the first 1 is a 4 x 4 unit matrix and the second a 2 x 2 unit matrix.
We now introduce the Dirac operator

D=D®11®1+ys®D,, (26)
where D, is given by

D, =
0 mp@MpHeKp mz@Mji®Kiys my@Mia® Ky
my; @ My ® Ky 0 my3 @ My ® Koz mog @ My ® Ky
ms; @ M3 ® K31 ms3; ® M3 ® K3 0 M34 @ M3 @ K34
My @ My @ Kay may ® My @ Kap ma3 @ My3 @ K3 0
(27)

with mm,, the tree level vacuum expectation values in the U (2) sector, M, the
vacuum expectation values in the U (4) sector and K,,, are 3 x 3 family mixing
matrices. We will consider the construction of @ (p) for the general case first,
introducing the relevant permutation symmetries between space-times once
the form of the action has been established.

Since d1 = 0 we can re-express the connection p as

p=Y (@eldbel)+) (led)d(leB) . (28)

The image of p under n is then
n(p) =) (@a)[D,bell+)> (184)[D,18B']
i i

=n(ph +n(p)a, (29)

where (suppressing the ys’s for brevity)

n(p) =
Az P2@MpR®K;p ¢3M3®K;3 $a®@ M@Ky
$21 ® Mz ® K> Ay $23 @ M3 @ Kp3 24 @ My @ Koy
931 ® M3 ® K31 632 @ M3; ® K3 Ay $34 @ M34 @ K34
P41 @ My ® Kyq1 d42 @ Mgy @ Kay a3 @ Myz @ Ka3 Ay
(30)

and
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n(p)2 =
Ay mp@PpeKyp mz@PieK;; my® P, Ky,
my ® Dy @ Ky, Ay M3 ® D3 @ Kpz Moy @ Dy @ Koy
mz @ D3 @ K31 m3; @ D3 ® K Ay M3 @ P34 ® K3y
My @ @gy @ Ky My @ Py @ Kyy my3 @ Py3 @ Kis Ag
(31)

with ¢, and @,,, given by
Gmn = Z afn (mmnb:; - b,inmmn)
i

Dyn = 37 Aly (M B — Bl M) (32)
i

The two form dp will now be given by

dp=>Y daedb'el)+y d(led)d(1eB') , (33)

with the image under n
n(dp) =) [D,a'®1][D,b'®1] + > [D, 18 A'][D, 18 B'] . (34)
i i
Gauge invariance of the spinor action (¥, (D + n(p))¥) under the transfor-

mation ¥ — 8V = g¥, where g € U(A) ® U(B), demands that p transforms
inhomogenously such that

$p = gpgt + gdg' | (35)

where ¢ = g, ® g4. This can be written as

$p = {Z(gm")d(b"g;) -5 (> d'b - 1)ng} ® 1

+18 {Z<g4Af>d(Bfg1> —84()_A'B' - 1)ng} (36)
i i
so that gauge transformations can be defined directly on the constituent ele-
ments by
ai_)gai = gzai Ai—>gAi — g4Ai
b'—8pt = b"ng B'—¢B' = B"g); (37)
if the constraints

Zaibi =1 and ZA"Bi =1 (38)
i i

are imposed.
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Gauge transformations can be expressed in the representation z which from
(35) take the form

n(ép) = gn(p)gt + gID, g'] (39)

and in component form become

SA4) = goArgl + 8288, fA4 = gadug] + gapgl, m=1,2,34
E(dmn @ Myn + Mmn @ Donn + Mpmpn @ Mpp) (40)
=g2®g4(¢mn®an+mmn®(pmn+mmn®an)g2T®gI> m#En

Thus A4, and A4 are indeed the U(2) and U (4) gauge fields with the combina-
tion (Pmn ® Mun + Mmn @ Pon + Mmn @ Moy ) scalar fields transforming covari-
antly, where 8 (M, @ Myn) = Mpn ® My, in D. The form of the scalar fields
demonstrates that ¢,,, and @,,, represent independent fluctuations around the
vacuum state specified by #1,,, @ M.

The representation of the curvature n (8 ) requires a determination of 7 (dp)
which, although a tedious calculation, is a direct generalization of the compu-
tation presented in [5]. Thus, rather than outlining the detailed procedure we
will simply present the results. Expressed in terms of the gauge fields, Higgs
fields and auxiliary fields the diagonal elements of the curvature can be written
as

2
T(0)mm = Ly Ei® 4 Lyw it

+ Z (IKmp|2(|¢mp & Mump + Mymp @ Prmp
pEmM

+ Mump @ Mmp|? + |Mimp @ Mup|*)) — Y — Xoum (41)
where
Xoum = za:;,azb:;, + ZA:;,WB;;,
+ (8"A + ATEAT) + (04AY, + ATHAR) — 24547

Ym = Z Zalemp|2|mmp|2®|Mmp!2bl + A | Konp [} | Pmp|* © | Moy |* By,
pEmM i

Fn® = 9,47, — 8, A%, + [AF,, A,
Fo'® = 8,45 — 8,45, + [A], A7 ] (42)

and, for example, |Kp|? = K,pKpm. The non-diagonal elements of the curva-
ture are given by (m # n)
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T (O)mn = —y5Kmn (¢ (Pmn @ Mpn + Mpp @ Ppp)
+ (AQ” + AT)(¢mn ® Mmn + Mpmn @ Ppup + Mpn @ Miny)
— (Pmn @ Mpmn + Mun @ Pun + Mpn ®an)(A’21 + AZ))
+ Z Kmprn((¢mp & Mmp + Myp ® ¢mp + Myp © Mmp)

pEm,n
X (Ppn @ Mpn + Mpn @ Ppp + Mpp @ Myy)
— MmpMpn O MmpMpn) — Xmn (43)
where
an = Z Z Kmprn
i pEm,n
x {ab (MmpMpn @ My Mpnbly — bl My @ Mo Myn)
+ A;n (mmpmpn ® MmpMpnBri, - Byinmmpmpn @ MmpMpn )} (44)

Recall that we are working in four dimensional Euclidean space so that the
gamma matrices employed satisfy: y}: = YV} = —20u and ys =
Y1727374. Note also that the curvature is self-adjoint so that 7 (& )Inn = 7(O)ym.
The Euclidean space action can now be determined by exploiting (16) and
takes the form:

I= —/d“szr(%Fﬂ(z)F’"(z)’“’ + SE S Fm
m

1
- El Z (1 Kmp > (bmp @ Mimp + Mimp @ Prup + Mgy © Mip|?
p#EmM

+ |mmp ®Mmpl2)) — Yy — Xmm|2

1
+ 5 2 K’ O (bmn ® Mnn + Min © Py
pEmM,n

+ (AE'L + AZL)((bmn ® Mmn + Mump @ P + Min @ Mipy)
= (Dmn @ Mun + My @ Pup + Myn @ an)(AE'u + Agﬂ)”z

1

nEmp#Emn
X (¢pn ® Mpn + mpn b2 q)pn + Mpn ® Mpn)
— MmpMpn ® MmpMpn) — Xun*) (45)
where we normalize the trace such that Tr1 = 1. Note that since special

unitary groups only will be considered, cross terms of the field strengths have
been ignored.

We can now address ourselves to the construction of an SU(2); @ SU(2)z®
SU(4) partial unification model. In order to achieve two independent U (2)
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gauge symmetries, rather than four, and to induce triplet Higgs fields, we will
introduce the permutation symmetries

ai=a, d =a
bi=0by, =0, (46)

These are the identifications made by Chamseddine et al. [5] in their consid-
erations on the left-right symmetric electroweak model. However, rather than
a graded tracelessness condition on n (p),; we will simply impose the constraint

Tr(n(p)1) =0, (47)

reducing U(2)r U (2)gr to SU(2) L ®@SU (2)g, so avoiding the introduction of
U (1) factors. Since we want only one U(4) field all the copies in z(p), must
be identified. If we were to choose identifications of the form (46) we would
be considering a model with U(4)r ® U(4)gr gauge symmetry. The additional
identifications which we must impose to avoid this are analogous to the criteria
required to yield an SO(10) rather than an SU (16) symmetry in the SO(10)
models of Chamseddine and Frohlich [7]. That is, we are comparing the case
of a model with symmetry group SU2)r @ SUR)rg @ SU(4)L @ SU(4)r,
which is a subgroup of SU(16), with the Pati—Salam partial unification which
can be embedded as a maximal subgroup of SO(10).

To achieve a Higgs structure which will allow for the generation of a large
right handed neutrino mass at tree level we must consider, along with direct
identifications between space—times, the inclusion of a conjugation symmetry.
In this way we also introduce conjugate spinors into the spinor representation
Y. This is to be contrasted with the electroweak case in which an additional
conjugate set of fermions was needed to produce the full range of allowed
Yukawa couplings. As SO(1,3) and SU(2) have conjugation matrices the
conjugate spinors can be written as

WE,R = iTzCWII;R , (48)

where C is the Dirac conjugation matrix and it the SU(2) conjugation
matrix. Since we require complex representations in the U (4) sector to be
transformed to their complex conjugate, the charge conjugation operator must
be an outer automorphism on the U(4) algebra. The conjugation symmetries
that we impose in the U (4) sector, then, are given by

Al o A, Ay o A,
B} - B, B}y < B, (49)

where A, is the complex conjugate of A4,, corresponding to the anti-represen-
tation, together with the identifications
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A} = A}, ’2 = A’3
Bi=B,, B;=B; (50)

so yielding a single U (4) interaction.

Note that since all SU(2) representations are real, the identifications made
in (46) can be equivalently considered as conjugation symmetries. Thus, while
all the space-time copies are identified in the U (4) sector the SU(2) sector
remains to differentiate between the left and right regions of the model. Fur-
thermore within each region, left and right, a consistent conjugation symmetry
prevails between space-times. The added complication in the U (4) sector is,
as before, related to its chiral symmetry. The spinor ¥ can thus be written as

VL .
i,Cy;
1
i1,Cyk 1)
WRr
where the left and right handed assignments follow from imposing the chirality
condition

sV =V , (52)

with I' = diag(1,-1,1,-1), introduced after the Wick rotation to Minkowski
space. Since all the elements in the U (4) sector are identified we will reduce
U(4) — SU(4) by simply imposing Tr(A44) = 0.

With our choice of symmetries between space-times the vector potential
n(p); takes the form (suppressing the family matrices K,,, and the ys5’s)

AL 4V e My ¢ e M PO My
75(/’)1 — Al(.l)T®M21 ZL ¢* §M23 ¢,*®M24 (53)
PTeMy e My AR 401 @ My
pteoMy ¢t My 4Y) © M Ar

where Ay and Ag are the SU(2)r and SU(2)r gauge fields, AL“) and A,(Q” are
singlets and triplets in the respective groups and ¢ is a bi-doublet. Similarly,
n(p), takes the form

As m12®A(2) m13®A(2) mua®2
My @ 41 Ay My ®% My At
n = = 54
(p)2 ms ®A(2)T Mz @2 Ay m34®A<2)T (54)
mis® 2% WI42®A(2) M43®A(2) Ay

From the space-time symmetries the constituent fields transform as

AP ~4x4=6+10
S~d4xd=1+15 (55)
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under SU(4). We know the covariant form taken by Higgs scalars under a
general gauge transformation from (40). Consequently, the Higgs fields which
enter the model will transform under SU(2);, @ SU(2)g ® SU(4) as:

AL =4V @ My + mpea4?®
~ (3,1,6) + (3,1,10) + (1,1,6) + (1,1,10)
Ar =430 @ My3 + myz3 2 4P
~ (1,3,6) + (1,3,10) + (1,1,6) + (1,1,10)
D=pQMy4+myux2%
~(2,2,1) + (2,2,15)
D' =¢' @My + mize4?P
~(2,2,6) + (2,2,10). (56)

The other entries follow from the inter-space-time symmetries. This in turn
breaks the Higgs field degeneracy in the vector potential. Embedding our
partial unification model into SO(10) we see immediately that our Higgs fields
transform as components of relevant Higgs representations often chosen for
such models, e.g. 10,120, 126 and 210. We could easily obtain other components
by different choices of symmetries between space-times. Nevertheless, with the
choice of symmetries taken we have generated the Higgs components which
are required to have non-zero vacuum expectation values for a non-minimal
model.

With the product structure between the SU(2) and SU(4) sectors made
manifest in the form of the Higgs scalars we must correspondingly realize this
mathematical structure in the spinors, which take the form

vin= |y |® @b (57)

where the column [u,d] indicates valency and the spin-zero row (a,b,c,d)
indicates colour degrees of freedom [8]. This is to be compared with the
physical realization given by (20). From the spinor action (¥, (D + n(p))¥)
we see that we can generate the Yukawa couplings:

Ly = KW (D + (D)) yg + KW 12(P* + (D) 110z
— iIKnwlt:C~ AL + (41) Ty — iKsaw ET2C ™ (AR + (4R) Twr
+ H.c. (58)

where the Hermitian conjugates emerge automatically from the self-adjointness
of n(p). The coupling to @ will again be responsible for the usual quark and
lepton masses. However, we now have a tree level coupling which can yield
large right handed neutrino masses by the see-saw mechanism, i.e. the coupling
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producing Majorana masses given by the components (3,1,10) and (1, 3,10)
of 4;, and Ag respectively [8]. Coupling to the conjugate bi-doublet Higgs is a
natural consequence of the introduction of conjugation symmetries.

The true viability of the model is dependent on the survival of the Higgs
potential once suitable vacuum expectation values for the Higgs scalars have
been chosen. This corresponds to the elimination of unwanted components
from (56), where we will take the only components with non-zero vacuum
expectation values to be 47 ~ (3,1,10), 4g ~ (1,3,10) and @ ~ (2,2,1). The
symmetry breaking scheme will then take the form:

SUR2)LeSUR2)raSU(4) (A’i)jURSU(2)L®SU(3)C®U(1)y

@ SUB) e Ull)g

where we have the expectation value hierarchy (4;) <« (@) < (4g). The form
of the vacuum expectation values is dictated by the requirement that U(1)g
survive so that only charge zero components can be non-zero. For a fractionally
charged quark model in which the gluons also remain chargeless the charge
operator Q is given by [8]

1/3 0 0 0
_ 01/3 0 0
Q—I3L+I3R+1/2 0 01/3 0 (59)
0 0 0-1
so that the Higgs vacuum expectation values become
0000
01 0 00O
(AR>—UR<OO>® 000 0|=1vrS2®S4
0 001
0 00O
01 0 00O
<AL>—UL(OO)® 000 0] =v52®S
0001
1 000
_ Ui 0 01 0O _ 231 0
<(15)‘(0142)@’ 0010 _(Ou2>®14 (60)
0 0 01

We can now determine the independent contributions from the auxiliary fields
which must be eliminated. The X and Y fields are given by
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Yy = K () allvcl$:S) @ Sub) + A'vL]*$)8] © S4B)
i
+ |K14|2(Zai (|u1|2 0 ) ® I;b!
i 1 0 |u2|2 1

. 20 .
+ A’ <I0ul| |u2|2) ®I4B1)

Ys = |K3al? (Y ajvr|*S1S, ® S4bj + A™|vg|*S)S, @ S4B™)

2

+ |K32|2(Za:i§ (Iul|2 0 2) ®I4b§
; O qul

. 20 .
+ A (l)ull luZIZ) ® I,B™)

X=Xy =Xp3=X14=0
X3 = ZK12K23{61{UL”2(52 ® S4bl — b}S) ® S4)
i

+ Ai’ULuz (S ® S4Bi* - BiSZ ® S4)}
+ K14K43{a{vRu1 (S ® S4b§ - bez ® S4)
+AivRul(S2®S4Bi*—BiS2®S4)} (61)

where the others follow from the permutation symmetries. Clearly, the field
X113 1s auxiliary and thus must be eliminated . The independent contributions
from the Y fields can be easily found where, for example, Y; can be rewritten
as

Y1 = [Ki2* (2oL [2S:85 @ Sy - (Z allvr | (S}S> ® Ssbl — biSIS; ® S4)>

1

1 000 1 000
_ i2 1- 0100 i_if 0100
(zi:Aval(Szquo 0010 B'-B'S,S! @ 0010)))

0000 0000

205 (101]* 0
+ |K14]" (2 (0 |u2|2) ® 14

_ 2 : . 2
- (" ) ot (" ) 2100

with the others following similarly. We therefore have the non-independent
contributions
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2 0
2 (1KnPionlsast o S+ el ()| ) e1,)

=2 (|K12|2|m12 ® M3 + |Ka]?|myg ® M14|2> (62)

where the remainder is eliminated. Note that the X, are also eliminated. The
Higgs potential can thus be shown to take the form (where an orthogonality
condition on the components has been imposed to simplify the calculations)

V = (Tr|Kpa|* — (Tr|K )2 || + miz2 ® Mip|? — |my2 @ Mipp|2)?
+(Tr|Kpa* = (Tr|K1a)H)NP + mis ® Mia|? — \mig @ Myg|*|?
+ (Tr|Ka|* = (Tr|K23[*)2)|[@* + ma3 @ Mas|* — |ma3 @ Mys|*|?
+ (Tr |Ka3|* = (Tr|Ka31*)?) ||dr + maz ® Maz|* — |ma3 @ Mys|*|> (63)

and thus survives. To yield this potential the independent contributions from
the Y’s have been modded out by hand rather than via the equations of
motion. This is necessary since the potential will still otherwise vanish, even
though the Y’s yield non-independent contributions. The cause of this is our
over simplification in choice of vacuum expectation values by setting the @’
contribution to zero. Including a small non-zero expectation value for the
(2,2,10) component will not affect the symmetry breaking pattern nor the
fermion sector since it decouples by the requirement of Lorentz invariance.
However, this will now give non-trivial contributions from the X,,,’s so that
the full potential can be arranged to survive.

Looking more closely at the fermionic action it follows from the quark-
lepton unification that the same family mixing matrix will operate on the u
and d quarks. This does not occur in the SU (5) and standard model examples
previously considered since an additional set of spinors must be introduced
so that the u quark may attain a non-zero mass [5]. This also allows for
different mixing matrices and thus the existence of a Cabibbo angle. Quark-
lepton unification eliminates the need to introduce an additional set of spinors
and also, therefore, different mixing matrices. This was the dilemma faced in
the SO(10) model of Chamseddine and Frohlich [7] for which introducing
singlet spinors resolved the problem. Compelled by the success of the model
we have constructed so far we will take a different approach to this problem.
For models without a right handed neutrino no mixing occurs in the neutrino
sector because the mass matrix is identically zero. Quark-lepton unification
implies breaking this neutrino degeneracy. Note also that we now have an
additional degree of freedom from introducing a bi-module so that family
mixing for quarks and leptons may be differentiated. We will thus extend the
mixing matrices to take the torm

Kmn = diag(faﬁafalﬂ)mn P (64)
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acting on d* and u® in the multiplet structure of (20), where « refers to the
three families. This is analogous to the additional mixing allowed in other
models by giving the u quarks non-zero masses as well as providing mixing
among neutrinos. In this way » quarks and neutrinos attain additional structure
on the same footing, which is consistent with the concept of neutrinos being
the fourth up quark.

It is straightforward now to write down the full fermionic and bosonic
action fromi (13) and (45), where consistent normalizations for the kinetic
energies can be accomodated by an appropriate rescaling. Since we have a
bi-module structure separating the introduction of SU(2) and SU (4) we are
free to implement different coupling strengths in these sectors. We thus have
an acceptable model for which many phenomenonlogical parameters may be
adjusted to yield results close to the experimental values. Importantly, we have
avoided extending our Higgs sector beyond that needed to produce the required
symmetry breaking pattern.

5. Conclusion

By generalizing previous approaches to include a non-trivial extension by
way of a bi-module we have been able to formulate a model which can yield
tree level masses to neutrinos, avoiding the quantization problem and the
inclusion of exotic fermions. Furthermore, we have broken the Higgs field
degeneracy inherent in the vector potential thus enlarging our choice of scalar
fields. While not the simplest approach to the introduction of neutrino masses,
left-right symmetric models of this kind have the advantage of providing
the freedom to incorporate important phenomenological features by the in-
clusion of intermediate scales. Such symmetry breaking scales, corresponding
to the “distance” between copies of space-time, can now find a geometrical
basis. Thus, in the absence of a quantization mechanism or embedding of
supersymmetry into non-commutative geometry our approach yields a consis-
tent formulation as well as utilizing more fully the freedom provided by this
mathematical framework.
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